Rotating poly tropes have equilibrium figures of concave hamburger shape, which bifurcates from Maclaurin-spheroid-like figures and continues into toroids. However, two existing numerical computations of the concave hamburgers are quantitatively in contradiction to each other. Reasons for this contradiction are found to lie in the wrong treatments: One of their methods was applied for deformations too strong to be treated within its limit of applicability so that their boundary condition failed in its convergence of the series and in its analytic continuation into the complex plane.
In astrophysical problems containing axisymmetric rotating celestial bodies, many authors quoted Maclaurin spheroids to compare their results with. Therefore, it is important to understand the relation between the Maclaurin sequence and the Dyson-Wong sequence. It is also important to understand the relation between the cases of incompressible and of compressible fluids. For these purposes Fukushima et a1. 4 ) made numerical computations of hydrostatic equilibrium solutions for rapidly and rigidly rotating poly tropes with very small compressibilities and they suggested the following. F1) The Maclaurin spheroid is a special solution and does not represent the limiting case of the rotating poly-trope to the incompressible fluid. F2) The figure changes from a spheroid-like to a concave hamburger and may connect to or come close to the Dyson-Wong toroid as the angular momentum is increased.
Recently, Eriguchi and Sugimoto 5 ) computed the case of the incompressible fluid somewhat more analytically. Their results are summarized as follows. ES1)
A good parameter that describes the sequence of equilibria is the ratio f of the radius of the equator a to that of the pole b (f= a/b). ES2) As f increases, the configuration becomes flatter, and then it becomes a concave hamburger as illustrated in Fig. 1. ES3 ) When the non-dimensional angular momentum j and velocity OJ, which are defined just below, reach the values of j=0.1475 and OJ2 =0.08150, the radius to the pole vanishes, i.e., f becomes infinity; afterwards the concave hamburger continues to a sequence of ring-like structures which is identical with the Dyson-Wong sequence. Here, j and OJ are defined as· (2) where I, M, Pc, Q and G are the total angular momentum, the total mass, the mass-density at the center, the angular velocity and the gravitational constant, respectively. Hereafter we shall call these concave hamburgers Eriguchi and Sugimoto (ES) sequence.
Though the results by Fukushima et a1. Figs. 2 and 3 ). In the present paper, we will investigate the reason for these differences and will show that they are ascribed to a wrong treatment of the outer boundary conditions in Fukushima et a1.'s4) work. Then we will make recomputation for Fukushima et a1.'s4) problem by using a revised computational code. Our new computational method is based on the older one which was originally proposed by Eriguchi 6 ) and later advanced by Fukushima et a1. 4 ) In this method an elliptical differential equation is transformed into a hyperbolic one after Garabedian 7) by analytically continuing it into the complex plane. Thus, we will refer to it as EFG method.
In § 2, we shall reformulate the EFG method for later discussion. In § 3, we shall criticize the work of Fukushima et a1. 4 ) and the EFG method. In § 4, our new computational method (EFGH method) will be formulated by correcting the treatment for the boundary conditions. Finally in § 5, results of our new numerical computation will be given to show that, contrary to Fukushima et a1.'s4) conclusion F1) above, the Maclaurin sequence is, in reality, the limiting case of the poly tropes toward the incompressibility. § 
Then we treat rand r; as two new independent variables and e as a parameter. 
Here, ¢, p and P are the gravitational potential, the mass density and the pressure, respectively. The subscript c denotes the values at the center (r = 0; t= -(0). Near the center the interior solutions are expanded
Such expansion is possible, because the gravitational potential has no singular point near the center. Eriguchi 6 ) and Fukushima et a1. 
Exterior solution
The exterior solution must contain information that there is not any mass distributed outside the surface. Eriguchi6) and Fukushima et a1. where 12n have to be determined by solving the eigenvalue problem as well as D2n. The method of fitting between the interior and the exterior solution of Fukushima et a1. 4 ) is different from that of Eriguchi.6)
Eriguchi's method of .fitting
The method of Eriguchi 6 ) (10) and (11) . We seek for the values of D2n and 12n so that Eq. (21) is satisfied. It should be noticed that the boundary conditions are applied here only in the real space (7J = 0). Therefore, the analyticity of the solution is not necessarily required in the whole complex space. The necessary and sufficient condition is that the gravitational potential is continuous to the first order derivative (C1-class) through the real surface.
In this method, however, we need to perform integrations for different values not only of D2 and D4 but also of 8/. It requires much computation.
Fukushima et al.'s method of jitting
To avoid so much computation, Fukushima et a1. 4 ) fitted the interior solution to the exterior by using the analytic continuation of the boundary condition into the complex plane. Then the fitting is required to be done only at one point with any value of 8 = 80, i.e., for m= 1, 2, ... ; k= 1, 2
with which the eigenvalues of D2 and D4 are determined.
For different values of 8, the integration with the same values of D2 and D4 automatically satisfies the condition corresponding to Eq. (23). Therefore, the full solutions are obtained with much smaller amount of computation than those in Eriguchi's method. 6 ) However, this method is valid only when the Yk'S are analytic functions throughout the whole space. § 3. Criticism Criticism 1. The expansion of Eq. (20) to the infinite series is not convergent on the surface when the equilibrium configuration deforms much from a sphere. We shall show it for the incompressible case, i.e., for the Maclaurin spheroids. The coefficients in Eq. (20) are expressed as
The series expansion is convergent only when (25) for infinitely large n. For the pole this becomes la Nevertheless, Eriguchi's6) numerical results for the equilibrium models are almost correct, because he computed only the models without such a great deformation. He treated only the cases with appreciable compressibility for which the mass shedding from the equator took place before f reaching 21/2. One might imagine that the situation would be better if we used the expansion of if; in terms of spheroidal wave functions instead of Eq. (20). Indeed, the Maclaurin spheroid can be described analytically with the first two terms of such expansion. For equilibrium models with further deformations such as the concave hamburgers, however, our numerical experience suggests that the convergence is not appreciably better than the case of Eq. (20). Criticism 2. In Fukushima et al.'s4) method we cannot use the analytic continuation through the surface. The analytic continuation is possible when and only when there exist derivatives by (J of any order. At the surface, however, there exist no higher order derivatives of the gravitational potential if; than second order.
This situation is intuitively understood as follows. At the surface of a spherically symmetric non-rotating poly trope, the gradient of the density and thus the third derivative of if; are discontinuous to the direction of r. For the rotating deformed poly trope, the derivatives with respect to (J cross the corresponding surface; the discontinuity in the direction of r for the spherical case is transferred into the discontinuity in the direction of (J for the deformed case .. Therefore, the numerical results obtained by Fukushima et al. 4 ) are incorrect also in this sense.
[As discussed in § 2.3, Criticism 2 does not apply to Eriguchi's method.] Criticism 3. There is a problem also in the inner boundary condition; they did not check the convergence of Eq. (16) either. This series expansion is surely convergent on the real axis (7J = 0), since r can be chosen to be small enough in the central region. However, the convergence is not guaranteed in the region far from the real axis. For large values of 7J and small value of exp( td, Eq. (16) tends to the asymptotic form as t ~ n~I D2nHn(cos( 8+ ilJ ))exp(2ntr) (26) where the subscript 1 denotes the point where the inner boundary condition is imposed. A necessary condition for the convergence is given by (27) where lJI is the maximum value of lJ in the domain of dependence of our hyperbolic differential equation, i.e., wave equation. Here, lJI + ti is related to the equatorial radius of the surface, i.e., Therefore, Eq. (27) is reduced to 
. EFGH method
If we claim the analyticity only for the interior solution and give it up across the surface as was done by Eriguchi,6) we can avoid Criticism 2 even for Fukushima et al.'s method. 4 ) On the other hand, Eriguchi's6) method cannot be applied to highly deformed figures as discussed in Criticism 1. So we need different treatments of the exterior solution and the boundary condition. We shall show in this section that such scheme of computation is possible. The resultant method will be called modified EFG or EFGH method.
4.l. Integral representation 0/ the gravitational potential
We can automatically include the boundary conditions, if we choose the integral representation for the gravitational potential. Then we need no boundary fittings unlike Eriguchi 6 ) and Fukushima et a1. 4 ) Now we can be free from Criticism 2. It is given by In this representation the convergence of the series expansion is guaranteed. Therefore we can also be free from Criticism 1, the most important criticism.
Method of obtaining the interior solution
Hereafter we will refer to the interior solution only for the region r< re (8) [t< te (8) ]. For the computation of the gravitational potential using Eq. (30), we have to know the density distribution throughout the star in advance. The density distribution can be obtained by assuming the values of D2, D4 and 81 (I = 1,2, ... , L), and, in case of highly deformed star, D6 and DB, and then by solving Eqs. (6)~(8) as described in § 2. However, this requires a great amount of computation, as mentioned in § 2.3.
In order to reduce the amount of computation we shall make use of the analyticity of the interior solution for the region r< re (8) (8) . Therefore, we need not worry about mass densities which may appear outside the surface.
Equilibrium condition and numerical scheme
The potential thus obtained is, in general, not consistent with Y1 and Y2 or, in other words, with Eqs. (10) and (11). Therefore we have to seek for correct values of the pre-assumed parameters D2, D4 and ul. (In practice, we have treated w 2 as an eigenvalue, because we have specified the radius-ratio j as a model parameter.) The criterion for the consistency is conveniently expressed by the equilibrium condition that the total potential, i.e., the sum of the gravitational and rotational potential, should have the same value everywhere on the surface. It is expressed as
Here C is a constant. Its value can be known only ·after the consistent solution is obtained. The consistency of the potential is searched for by Gauss-Newton method with the criterion that a deviation from the real equilibrium Q should be minimum. The choice of Q is somewhat arbitrary except that it should be minimum for the real equilibrium. In our computation we choose
where the Ct's are the values of C in Eq. (32) for 8 = 8t and C is their mean value.
[If we specify a model parameter other than j, we need to replace the last term of Eq. (33) correspondingly.] Numerical details of our results will be given in the next section. Here we shall discuss them only in relation with a check for the validity of the analyticity of the interior solution. For a set of parameters of the real equilibrium we have computed FJ.2n) independently for different values of 80 • The resultant values of p},2n)( t) have been found to agree with each other within the accuracy of a few percent.
So far in this section we have not referred to Criticism 3. If one wished to be completely free from Criticism 3, one would have to develop much more sophisticated method than our EFGH method. However, even our EFGH method has a wide range of applicability for which Criticism 3 is irrelevant. [Some of Fukushima et al.'s4) results came to lie somewhat out of such range of applicability, because they were wrong in the sense of Criticisms 1 and 2. When they were corrected, the corresponding solution came into the range of applicability.] § 5. Results and discussion
Limit to incompressibility
We Table I . Here, T and Ware the rotational energy and the gravitational energy, respectively.
For the poly tropes with N >0.02, mass begins to shed from the equator at the points indicated with circles in Fig . . and the same total angular momentum. COl1?-paring our result in Fig. 3 with that of Fukushima et al. 4) in Fig. 2 , we find that they are greatly different from each other for j ;C0.05. From our results we can conclude that the Maclaurin spheroid is the limiting shape of the rapidly rotating poly tropes to the incompressibilities in a wide range of the angular momentum so far as the configuration is axisymmetric. This conclusion is essentially different from that by Fukushima et a1.
)

Discussion
In order to see the nature of the concave hamburger more closely, the eigenvalues specifying the interior solutions are plotted in Fig. 6 In the framework of the linearized stability theory, this P4(COS e)-type perturbation may lead to both configurations i.e., one, the concave hamburger and the other, a "Sombrero"-like figure. ["Sombrero" is the pet name given to the galaxyNGC 4594 (MI04) in Virgo cluster, which looks like two sombreros joined one another with their bottoms.] Our computational code did not find any solution of "Sombrero" -like figure even when such a type of perturbation was assumed in the initial model of iteration. However, further study is necessary to exclude or realize a possibility for the existence of such figures with finite degree of deformation.
As for differentially rotating poly tropes with N = 0, Bodenheimer and Ostriker 10 ) discussed the following. For a given value of N we can consider a sequence of equilibrium figures with different values of angular momentum. Along this sequence there is a point with the maximum angular velocity where the figure is spheroid-like. In this sense the behavior of such sequence is represented by the Maclaurin sequence.") Many authors have quoted such discussion. In view of our present results, however, such discussion will not always be the case. For N < 0.02 there exist not only the Maclaurin sequence but also other sequences such as concave hamburgers. One might say that it is so only for a narrow range of N. If we assume a differential rotation with outwardly decreasing angular velocity, however, a core of the star will become a concave hamburger before the mass shedding takes place from its equator of the envelope. Therefore, even for the poly tropes with appreciably or much larger values of N, we would have to consider not only the Maclaurin sequence but also the concave hamburger and other sequences as those which represent their equilibrium figures. In this sense more studies will be needed as for the equilibrium figures with differential
